Section 16.2:
Line Integrals



What We’ll Learn In Section 16.2

Line Integrals (with respect to arclength)
Line Integrals (with respect to x and y)
Line Integrals in Space

Line Integrals of \ector Fields

B



1. Line Integrals (with respect to arclength)

Situation:

* Let C be a curve in the xy-plane with parametrization
x=x(t) ,y=y(t) ,ast<bh

* Let f(x,y) be a2-variable function defined on the curve C




1. Line Integrals (with respect to arclength)

@Definition

If fis defined on a smooth curve C, then the line integral of f along C is
/f T, y)ds— lim Zf (zF,y7) As;

if this limit exists.

/cf(m”y) ds = /:f(m(t)ay(t))\/(i—f)z i (%)




1. Line Integrals (with respect to arclength)

Ex 1: Evaluate J (2 + x%2y) ds, where C 1Is the upper half of the unit circle
C



1. Line Integrals (with respect to arclength)

Suppose now that C is a piecewise-smooth curve; that is, C is a union of a finite number of smooth
curves C1, Cs, ..., C,, where, as illustrated in Figure 4, the initial point of C;. is the terminal point
of C;. Then we define the integral of f along C as the sum of the integrals of f along each of the

smooth pieces of C:

f(z,y) ds+---+f f(z,y) ds

Cn

/f(w,y)dsz f(z,y) ds +
C (o] Cy
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1. Line Integrals (with respect to arclength)

Ex 2. Evaluate j 2x ds, wWhere C consists of the arc C; of the parabola
C

y = x* from (0,0) to (1,1) followed by the vertical line segment C, from
(1,1) to (1,2).



2. Line Integrals (with respect to x and y)

Situation:

* Let C be a curve in the xy-plane with parametrization
x=x(t) ,y=y(t) ,ast<bh

* Let f(x,y) be a2-variable function defined on the curve C




2. Line Integrals (with respect to x and y)

Two other line integrals are obtained by replacing As; by either Axz; = x; — x; 1 or Ay; = y; — y;_1 In

Definition 2. They are called the line integrals of f along C with respect to z and y:

| ,y) dz = i n Lyl Az

5] fof(fv y) da ni,rﬁo;f(wz yt) Az

6] [ Fe v dy=tm S f (et u) Au
¢ i=1

b
z [teni=[icoyw): o
b
/ f (2, 9) dy = / fz (), y(®)y (&) dt
C a



2. Line Integrals (with respect to x and y)

Ex 4. Evaluatej y2dx + x dy , where (a) C = C; 1Is the line segment from
C
-3)to (0,2) and (b) C = C, is the arc of the parabola x = 4 — y? from

(-5
(-5,-3) to (0,2).



2. Line Integrals (with respect to x and y)

[Of(w,y)dz:—/cfm)dw
fof(w,y) dy:—/cf(fc,y) dy

[ @[ @ s



3. Line Integrals in Space

o) [t ds—/:f(m(t),y(t),z(t))\/(z—f)z+(%)2+(§)2dt




3. Line Integrals in Space

EX5: EvaluateJ ysinz ds, where C s the circular helix given by the
C

equations x = cost,y =sint,z=t,0<t < 2m.



3. Line Integrals in Space

Ex 6: Evaluate j ydx +zdy +x dz, where C consists of the line segment C;
C

from (2,0,0) to (3,4,5), followed by the vertical line segment C, from (3,4,5)

to (3,4,0).



4. Line Integrals of Vector Fields

Situation:

* Let C be a curve in the xy-plane with parametrization
x=x(t) ,y=y(t) ,ast<bh

* Let ﬁ(x, y) be a vector field on R? defined on the curve C




4. Line Integrals of Vector Fields

Elpefinition

Let F be a continuous vector field defined on a smooth curve C given by a vector function r (¢),

a < t < b. Then the line integral of F along C is

/CF-dr:fabF(r(t))-r’(t)dt:LF-Tds

Note Even though / F.dr = / F - T ds and integrals with respect to arc length
C c

are unchanged when orientation is reversed, it is still true that

f der:—/F-dr
-C C

because the unit tangent vector T is replaced by its negative when C is replaced by

—C.



4. Line Integrals of Vector Fields

Ex 7: Find the work done by the force field F(x,y) =< x2,—xy > in moving
a particle along the quarter-circle 7(t) =< cost ,sint>, 0<t < %



4. Line Integrals of Vector Fields

Ex 8: Evaluatej F -d7 . where ﬁ(x,y,z) =< xy, yz, xz > and C isthe
C

twisted cubic givenby x =t,y=t?,z=t3,0<t < 1.



