
Section 16.2:

Line Integrals



What We’ll Learn In Section 16.2

1. Line Integrals (with respect to arclength)

2. Line Integrals (with respect to x and y)

3. Line Integrals in Space

4. Line Integrals of Vector Fields



Situation:

• Let C be a curve in the xy-plane with parametrization 

𝑥 = 𝑥 𝑡 ,  𝑦 = 𝑦(𝑡) ,  𝑎 ≤ 𝑡 ≤ 𝑏
• Let 𝑓(𝑥, 𝑦) be a 2-variable function defined on the curve C

1. Line Integrals (with respect to arclength)



1. Line Integrals (with respect to arclength)



1. Line Integrals (with respect to arclength)

Ex 1:  Evaluate                        , where  C  is the upper half of the unit circle

𝑥2 + 𝑦2 = 1.

න 2 + 𝑥2𝑦 𝑑𝑠
C



1. Line Integrals (with respect to arclength)



Ex 2:  Evaluate             , where  C  consists of the arc  𝐶1 of the parabola  

𝑦 = 𝑥2 from  (0,0)  to  (1,1)  followed by the vertical line segment  𝐶2 from  

(1,1)  to  (1,2).

න 2𝑥 𝑑𝑠
C

1. Line Integrals (with respect to arclength)



2.  Line Integrals (with respect to x and y)

Situation:

• Let C be a curve in the xy-plane with parametrization 

𝑥 = 𝑥 𝑡 ,  𝑦 = 𝑦(𝑡) ,  𝑎 ≤ 𝑡 ≤ 𝑏
• Let 𝑓(𝑥, 𝑦) be a 2-variable function defined on the curve C



2.  Line Integrals (with respect to x and y)



2.  Line Integrals (with respect to x and y)

Ex 4:  Evaluate                        , where  (a) 𝐶 = 𝐶1 is the line segment from 

(-5,-3) to (0,2) and  (b) 𝐶 = 𝐶2 is the arc of the parabola  𝑥 = 4 − 𝑦2 from  

(-5,-3) to (0,2).

න 𝑦2 𝑑𝑥 + 𝑥 𝑑𝑦
C



2.  Line Integrals (with respect to x and y)



3.  Line Integrals in Space



3.  Line Integrals in Space

Ex 5:  Evaluate                   , where  𝐶 is the circular helix given by the

equations  𝑥 = cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = 𝑡 , 0 ≤ 𝑡 ≤ 2𝜋.

න 𝑦 sin 𝑧 𝑑𝑠
C



Ex 6:  Evaluate                                , where  𝐶 consists of the line segment  𝐶1

from (2,0,0) to (3,4,5), followed by the vertical line segment  𝐶2 from (3,4,5) 

to (3,4,0).

න 𝑦 𝑑𝑥 + 𝑧 𝑑𝑦 + 𝑥 𝑑𝑧
C

3.  Line Integrals in Space



4.  Line Integrals of Vector Fields

Situation:

• Let C be a curve in the xy-plane with parametrization 

𝑥 = 𝑥 𝑡 ,  𝑦 = 𝑦(𝑡) ,  𝑎 ≤ 𝑡 ≤ 𝑏

• Let Ԧ𝐹(𝑥, 𝑦) be a vector field on  ℝ2 defined on the curve C



4.  Line Integrals of Vector Fields



4.  Line Integrals of Vector Fields

Ex 7:  Find the work done by the force field  Ԧ𝐹 𝑥, 𝑦 =< 𝑥2, −𝑥𝑦 > in moving 

a particle along the quarter-circle  Ԧ𝑟 𝑡 =< cos 𝑡 , sin 𝑡 > ,  0 ≤ 𝑡 ≤
𝜋

2
.



Ex 8:  Evaluate               , where  Ԧ𝐹 𝑥, 𝑦, 𝑧 =< 𝑥𝑦, 𝑦𝑧, 𝑥𝑧 > and  𝐶 is the 

twisted cubic given by  𝑥 = 𝑡 , 𝑦 = 𝑡2 , 𝑧 = 𝑡3 , 0 ≤ 𝑡 ≤ 1.

න Ԧ𝐹 ∙ 𝑑 Ԧ𝑟
C

4.  Line Integrals of Vector Fields


